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INTRODUCTION.
Browder proved the following remarkable fixed point theorem THEOREM 1.1 Let K be a compact convex subset of a real Hausdorff topological vector space E Let T be a mapping of K into 2K, where for each z E K, T(x) is a non-empty convex subset of K Suppose further that for each y in K, T-l(y) {x:z K,y T(z)} is open in K. Then there exists z* in K, such that z* is in T(z*).
Browder applied his theorem to obtain the following variational inequality. THEOREM 1.2. Let K be a non-empty compact convex subset of the locally convex Hausdortf topological vector space E, T an upper semicontinuous mapping of K into 2 E" such that for each x in K, T(:r) is a non-empty compact convex subset of E*. Then there exists a u0 in K and wo T(u) such that (w0, u0 u) _> 0, for all u in K.
(1 1) Subsequently, Browder's theorem has been generalized by a number of authors including Tian [2] , Tarafdar ([3] , [4] and [5] ) and Lassonde [6] The main purpose of this paper is to extend these results of Browder We recall that a real-valued function f defined on a convex set C in X is said to be quas,convex if, for every real number t, the set {x 6 C: f(x) < t} is convex REMARK 1. It will be noted that for a correspondence G: X 2 " with non-empty closed convex values, the u s c implies the u h c., but the converse is not necessarily tree (see also Jian [7] ) 3 . FIXED POINT THEOREMS. THEOREM 3.1. Let E be a Hausdorff topological vector space (E not necessarily locally convex), X is a non-empty subset of E, F: X -2 , where for each z in X, F(z) is a non-empty convex sub'set of E and for every in E, F-() {z'z X, y F(z)} is open in X Then the necessary and sufficient condition for the existence of fixed point x* F(z') is that there exists a non-empty compact
for all x in K (3 1)
PROOF. The condition is necessary Suppose F has a fixed point x" F(x') and let K {x'} Then the subset K is clearly compact and convex and F(x) f3 K is non-empty for all x in K The condition is sufficient Let the mapping T: K 2 and T(x) F(x) t-I K, for all x in K Then for every y in K, T-l(y) is open in K by lemma 2 proved by Tian [2] Obviously, T(x) is nonempty convex subset of K Using Theorem 1, we can say that there exists a fixed point x* in K such that is x* is in T(x* F(x*) f3 K. So there exists a point x* X, such that x* F(x*).
As a direct corollary of Theorem 3.1, the following result of Tian ([2] , theorem 2) follows as. TItEOREM 3.:. Let X be non-empty paracompact subset in a locally convex Hausdorff topological vector space E. Suppose that F: X 2E, for every x in X, F(x) is non-empty closed convex subset of E, further, for any y in E, F-l(y) {x X: y F(x)} is open in X. Then the necessary and sufficient condition for the existence of a fixed point x* F(x*) is that there exists a nonempty compact convex subset K c_ X such that F(x) fq K =/= , for all x in K.
We nxt use Theorem 3.1 to prove the following theorem which is different from Ky ([], Lemma 1) and Takahashi ([9] , Theorem 15) TtlEOREM 3.3. Let E be a Hausdorfftopological vector space and X is a non-empty subset of E Let A be a subset of X x X having the following properties:
(1) For any y X, the set {z X: (z,y) A} is closed; (2) for any x X, the set {y X: (z, y) A} is convex (or empty); (3) (z, z) A, for every z in X; (4) For a non-empty compact convex subset K in X with each z 5 wET(x*) Since T(x*) is compact convex subset, there exists a w* in T(x*) such that (w*, x* y) > 0 for all y in X REMARK :Z. Then there exists a z* in X and w" E T(z'), such that (w*, x* ) >_ 0, for all y in X. (4 4) REMARK 3. In case of a single-valued mapping, Theorem 4 2 take the following form COROLLARY (Allen [10] ). Let E be a topological vector space, let X C E be a convex subset Let T: X E* be a mapping such that the mapping x (Tx, x) is upper semicontinuous on X Let K C X be a non-empty compact convex subset and suppose that for x X\K there exists in K such that (Tx, 3: y) < 0. Then there exists a vector x* in K such that (Tx*, x* y) :> O, for all y in X. (4 5) 
